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Abstract

In this study a new integral transform, namely ELzaki transform was applied
to solve linear ordinary differential equations with constant coefficients. In
particular we apply this new transform technique to solve linear dynamic
systems and signals-delay differential equations and the renewal equation in
statistics.
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Introduction
Many problems of physical interest are described by differential and integral
eguations with appropriate initial or boundary conditions. These problems are usually
formulated as initial value problem, boundary value problems, or initial — boundary
value problem that seem to be mathematically more vigorous and physically realistic
in applied and engineering sciences. ELzaki transform method is very effective for
solution of differential and integral equations.

The technique that we used is ELzaki transform method which is based on Fourier
transform, it introduced by Tarig Elzaki (2010) see[1, 2, 3, 4, 5, 6].

In this study, ELzaki transform is applied to solve linear dynamic systems and
signals-delay differential equations and the renewa equation in statistics, which the
solution of these equations have a major role in the fields of science and engineering.
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When a physical system is modeled under the differential sense, if finally gives a
differential equation.

Recently .Tarig ELzaki introduced a new transform and named as ELzaki
transform [1] which is defined by:

E[f(t),u]:T(u):uIe_:‘f(t)dt Cue(k k)

Or for afunction f (t) whichisof exponential order,

Mé%, t<0
‘f (t)‘< Y
Me’* . t>0

Theorem (1)
Let T (u) isthe ELzaki transform of [E( f (t))=T(u)]. then:
0 L=t @) eLr]="w o))

(m)EpWaﬂ;Tw—§MWWMm)

=0

=

Pr oof

0 -t
(i) E[f’(t)]zuj f'(t) e" dt Integrating by partsto find that:

0

E[f’(t)]:M ~uf(0)

u

(i )Let g (t)=f'(t) , then: E[g'(t)]=

cC P

E[g(t)] ~ug(0)

We find that, by using(i ):

e[ (0] = "1 (0)-ur (o)

(iii ) Can be proof by mathematical induction
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Theorem (2)
Let f(t)eA:{f(t)|3M,k1,k2>O,such that|| f (t)] <Me"™ ifte(—l)"x[o,oo)}
With Laplace transform F (s), Then ELzaki transform T (u)of f (t)is given by

T(u):uF(lj

u

Pr oof

Let: f(t)e A, thenfor -k <u<k, T(u):uzfe"f(ut)dt
0

Let w=ut thenwe have: T(u)= uzj.efa f (W)OITW = uJ‘eT f (w)dw=uF (%)
0 0
Also we have that T (1)=F (1) so that both the ELzaki and Laplace transforms

must coincideat u=s=1

Theorem (3)

Let f(t) and g(t) be defined inA having Laplace transforms F(S) and G(s)
and ELzaki transforms M (u) andN(u). Then ELzaki transform of the convolution
of fand g

o0

(f*g)(t)zj'f(t)g(t—r)dr s given by: E[(f*g)(t)]=%M (u)N(u)

0

Pr oof
The Laplacetransform of (f * g)isgivenby: L[(f*g)]|=F(s)G(s)

By the dudlity relation (Theorem (2)), we have: E[(f*g)(t)]=uL[(f*g)®)],
and since

() ) st { )
o M S )

Theorem (4)
If E[f (t)]=T (u), then: E[e *f (t)]=(1+au)T (1+uauJ

Where a isarea constant.
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Pr oof
1+au
We have, by definiion E[e —uje “of (t)dt. Let w= or
l+au

U=L,Wehave:

1-aw

ufent (t)d=—" fewr(t)d=—1 T(w)= > T{ u } and

0 1-awy 1-aw - & l+au

1+au

Theorem (5)
If E[f (t)]=T (u), then: E[f (t-a)H (t-a)]=e ‘T (u)
Where H (t —a) isHeaviside unit step function.

Pr oof
It follows from the definition that:

E[1(t-a)H (t-a)]= ufe "1 (t-a)H(t-a)di=ufe *f (t-a)ct

a t

Lett —a=r, thenwehave eV uJ'ef?f (r)dr=e 'T(u)

a

In particular if f (t)=1, then: E[H (t-a)]|=u% ¢
Also we can prove by mathematical induction that:

(t_a)nil _n+l ’%
E{WH(t—a)]_u e

Example (1) (Linear dynamical systems and signals)
In physical and engineering sciences, a large number of linear dynamical systems
with a time dependent input signal f (t) that generates an output signal x (t) can be

described by the ordinary differential equation with constant coefficients.
(D "+a, D"+ ...+a0)x (t)= (D "™+b, D™+ ....+bo)f (t) 1)

Where D :di’ a,,a,...a,, , by,b,..b , areconstants
X

We apply ELzaki transform to find the output x (t ) so that (1) becomes,
Py (U)X (U) =Ry (u) =G () (u) =574 (u) (2)



On Some Applications of New Integral Transform*“ ELzaki Transform” 19

Where,
P(u):i+£+---+ao , c—lm(u):uim+%+...+bO

n n-1 =
u

n-2
R (u)=> u"™*x"(0)+a,, > u™"*x" (0)+...+ux(0)
k=0

m-2
Soa(U)=DT U™ 119 (0) +b,, Y u*™*F X (0) +...+uf (0)
k=0

-0

=

It is convenient to express (2) in theform

x(u)=h(u)f (u)+g(u) (3)
Where

m(U) d,(u) nd alu :I'\Tnfl(u_)—s_mfl(u)

" T R ) @

And h(u) is usually called the transfer function. The inverse ELzaki transform
combined with the convolution theorem leads to the formal solution,

x(t):j'f (t-7)h(z)dr+g(t) (5)
With zero initial data, g (u)=0. the transfer function takes the simple form.
ﬁ(u):% or X(u)=h(u) f (u) (6)

If f (t)=05(t) and h(t)=e' then, the output function is

3
x(t)zElLu }zet —1 h(t) isknown asthe impulse response.
+u

Example (2) (Delay Differential Equations)
In many problems the derivatives of the unknown functionx (t) are related to its
value at different times t —z.this leads us to consider differential equations of the

form:

d—x+ax(t—r):f (t) @
dt
Where a is aconstant and f (t) is a given function. Equations of this type are

called delay differential equations. In general , initiad value problems for these
equations involve the specification of x(t) in the interval t,—7z<t<t, and this
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information combined with the equation it self, is sufficient to determine x (t) for

t >t,. We show how equation (7) can be solved by ELzaki transform when t,=0

and x (t)=x, for t <0. Inview of theinitial condition , we can write.
X(t—-7)=x(t—7)H (t —7) Soequation (7) is equivalent to,

3—):+ax(t—r)H (t—o)=f (t) ®

X(u) R _

Applying ELzaki transform to (8) gives, T—ux(0)+ae U (u)=f (u)

or x(u)= (W) +X(O u f—(u)wzx(oﬂ{mue—:}‘

1+auev

And

% (u)=[uf (u)+u (0)|3(-1) (au)'e ¥ ©)

n=0

The inverse ELzaki transform gives the formal solution:

nr

x() =B [u F (u)+ux(0) |2 (-1)" (au)"e * (10)
n=0
In order to write an explicit solution, we choose x,=0 and f (t)=t and hence
(10) be comes.

x(t)=E™* [u* > (-1)"(au)"e :i(—l)na”MH(t—nr) , t>0

n=0 n=0 ( n+ 2)'

Example (3) (Renewal Equation in statistics)
The random function x (t) of time t represents the number of times some event has

occurred between time O and time t, and usually referred to as a counting Process. A
random variable X, that recodes the time it assumes for X to get the value n from
the n—1 is referred to as an inter-arrival time .If the random variables X, X ,....are
independent and identically distributed, then the counting process X (t) is called a
renewal process. We denote their common Probability distribution function by F (t)
and the density function by f (t) so that F'(t)=f (t).Then renewa function is

defined by the expected number of time the event being counted occurs by time t and
isdenoted by r (t) sothat .
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r®)=E[ X(t)] = [E{[x(t)]: X, =x} f (x)d x (12)
0

Where E{X (t):X,=x| is the conditional expected value of X (t) under the

condition that X, =x and hasthe vaue,
E{X (t):X,=x}=[1+r(t-x)]H (t-x) (12)

Thus

=;[[1+r(t—x)]f (x )dx

Or
(t)+[r(t=x)F (x (13)

This is caled the renewal eguation in mathematica statistics .We solve the
equation by taking ELzaki transform with respect to t, and ELzaki transformed

equationis,

ru)= F_(U)+u1r—(u)f‘(u) Or F(u)= UF (u)

The inverse transform gives the formal solution r(t) of renewal function.
3
u

@) IfF(t)=¢ andf (t)=¢', then: r(t)=E‘1{m}=%dnh@

2

(i) IfF(t)=t andf (t)=1, then: r(t):E‘lLu_LI —u2}=et -1

Conclusion

In this study, we introduced new integral transform called ELzaki transform to solve
linear dynamical systems and signals — delay differentia equations and the renewal
equation in statistics. It has been shown that ELzaki transform is a very efficient tool
for solving these equations
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Appendix
ELzaki Transform of some Functions
f(t) E[f (t)]=T (u)
1 u?
t us
tn r]!un+2
ta—l ua+1
A(a),a>0
eat u2
1-au
te® u®
(1-au)’
n-1.at n+l
t" , N=12,... = -
(n—l)! (1—au)
Sinat au3
1+a%u?
cosat u?
1+a%u?
sinhat au3
1-a%u?
coshat au?
1-au?
e® sinbt bu?®
(1—au)2+b2u2
e cosht (1-au)u?
(1—au)2+b2u2
t sinat 2a
1+a%u?
J,(at) u?
1+au?
H (t-a) U
5(t—a) e




