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Abstract

In this paper we propose a novel computational algorithm for solving ordinary
differential equations with non-constants coefficients by using the modified
version of Laplace and Sumudu transforms which is called Elzaki transform.
Elzaki transform can be easily applied to the initial value problems with less
computational work. The severa illustrative examples can not solve by
Sumudu transform, this means that Elzaki transform is a powerful tool for
solving some ordinary differential equations with variable coefficients.
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Introduction

Elzaki transform [1,2,3,4], which is a modified genera Laplace and Sumudu
transforms, [1] has been shown to solve effectively, easily and accurately alarge class
of linear differential equations. Elzaki transform was successfully applied to integral
eguations, partial differential equations [2], ordinary differential equations with
variable coefficients [4] and system of all these equations.

The purpose of this paper is to solve differentia equations with variable
coefficients which were not solved by Sumudu transform; this means that Sumudu
transform failed to solve these types of differential equations.

Recently Tarig M. Elzaki [1, 2, 3, 4], introduced a new integral transform and
named it as Elzaki transform that is defined by the integral equation:
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Recall the following theorems that were given by Tarig Elzaki [1,2,3,4] where

they discussed Elzaki transform of the derivatives.

Theorem (1)
Let T(u) is ELzaki transform of f (t) [E t))=T(u )] then:
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(i) E[f’(t)]zuj. f'(t) e dt Integrating by partsto find that:

——~ —uf(0)

(il )Let g (t)=F () . then: E[g’(t)]:% E[g(t)] -ug(0)
We find that, by using(i ):
E[1(t)] =~ 1 (0)-uf'(0)

(iii ) Can be proof by mathematical induction.
Where that Sumudu transform of derivatives isgiven by:

S[f'(t)]= [F(u) f (0)], and S[f "(t)] = [F(u) f (0)—uf '(0)]

Theorem (2)
Let f(t)e A= { f(t)]3M .k, k, >0,such  that||f (t)| <Me"™ | if te(-1) X[O,oo)}

With Laplace transform F (s), Then ELzaki transform T (u)of f (t)isgiven by:

T(u)=uF(%)
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Let: f(t)e A, thenfor k, <u <k, T(u):uzje-t f (ut) dt
0

Let w=ut then we have:

T(u)= uzzenvf (W)dTW: uzenvf (w)dw=uF (%}

Also we have that T (1)=F (1) so that both the ELzaki and Laplace transforms
must coincideatu =s=1.

EL zaki Transform Multiple Shift Theorem
The discrete ELzaki transform can be used effectively to discern some rules on how
the genera transform affects various functional operations, Tarig M. ELzaki prove

that
E|[tf '(t)]=u2;—urg—“)—uf (o)}—urﬁ—“)—uf (o)]

And that:

o]~

One may ask how ELzaki transform acts on t"f (t). clearly, if f(t):iqt”,
n=0

then
E[tf (t)]= i(n+1)!anun+3 = US%Z nlau™

n=0

Theorem 3
Let T (u) be ELzaki transform of the function f (t) in A, then ELzaki transform of

the function tf (t) isgiven by: E[tf (t )]zuz(;j—uT (u)-uT (u)

Pr oof
Thefunctiontf (t) isin A, since f (t) isso: and integrating by parts we find that:
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ST-Tw) - L fuet (e IE{ k }

- I%e:*(tf dt+je f(t) dt= FE[t f(t)]+EE[f(t):|

Thenwe have: E[t f (t)]= UZC?—UT (u)-uT (u)

In the general cases we can externa theorem 3 as,

(1)E[tf (t )}:uzdi{m—uf (o)}urﬁ—“)-uf (o)}

(i) s ] -ue g Tt o)
(il ) E[tf "(t)]:uZ:—uPu(—g‘)_f (0)-uf (o)}u[T L(J“)-f (0)-uf '(o)}

(iv) E[tf "(t) ] = u“d—zr(—‘:)—f (0)-uf '(o)}

du?| u

The proof of these equationsis easy, by using theorem 3.
And Sumudu transform of these is given by:

. , d
(i) S[tf (t)]=u @ F(u) +UuF(u)

(i) S[t*f () ]= u“;—; F(u) +4u3% F (u) + 2u%F (u)

Where F (u) isthe Sumudu transform of f (t).

Example 1
Consider the second order initial value problem:
ty"+4y’+2y =12* , y(0)=y'(0)=0 (1)

First we apply Sumudu transform to this equation to find:
U’F"(u) +4uF'(u) + 2F (u) = 24u*

Which is the same equation (1), this means that Sumudu transform can not solve

this equation.
Now if apply Elzaki transform to equation (1) and make use of the initial

conditions and above theorems, then we find:
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u“d—zr—(‘z‘)}mzir—(“)}—m{T—(“)}zr (U)=24u" or T"(u)=24u’
du“| u dul u u

The solution of the last equation isT (u) =2u*+cu +c,, using the conditions to
findc, =c, =0, thenT (u) =2u*.
By using theinverse Elzaki transform we find the solution in the form: y (t) =t 2.

Example 2
Consider the third order non-constant coefficients differential equation:
ty"+6y"+6y'=60t" , y(0)=y'(0)=y"(0)=0 @)

If we using Sumudu transform, and the initial conditions we fid that:
U’F"(u) +4uF'(u) + 2F (u) =120u*®

Which is the same equation (1), and again Sumudu transform fails to solve this
equation.

Now by applying Elzaki transform to equation (2) and making use of the initia
conditions, we get:

T"(u)=120u°® and T (u)=6u’+cu+cC,

By using theinitial conditionswefind: ¢, =c, =0,then T (u)=6u® and y (t) =t
Thisisthe exact solution of equation (2).

Conclusion

In this paper, we have introduced the modified version of Sumudu and Laplace
transforms, namely Elzaki transform for solving differential equations with variable
coefficients which was not solved by Sumudu transform. It has been shown that
Elzaki transform is a very effective method for solving initial value problems
compared with Sumudu transform. In a large domain the accurate convergence of
Elzaki transform will be discussed in the coming research.
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Appendix
ELzaki Transform of some Functions

f(t) E[f (t)]=T (u)
1 u?
t ul
t" nlun?
ta—l ua+l
A(a),a>0
ea u2
1-au
te® u®
(1-au)’
S TP A [P
(1 a)
sinat au’
1+avu?
cosat u2
1+avu?
sinhat au’
1-au’®
coshat au?
1-a%u?
e® sinbt bu?
(1—au)2+b2u2
e® cos bt (1-au)u?
(1—au)2+b2u2
tsinat 2au*
1+avu?
Jo(at) u?
1+au®
H(t-a) u"‘e%
5(t—a) et
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